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In a recent proposal of the half-filled Landau level, the composite fermions are taken to be Dirac
particles and particle-hole symmetric. Cooper pairing of these composite fermions in different an-
gular momentum channels, `, can give rise to different kinds of Pfaffian states. In addition to the
well known Moore-Read Pfaffian and anti-Pfaffian states, a new putative particle-hole symmetric
Pfaffian state, corresponding to the s−wave pairing channel, was also proposed. However, the pos-
sible underlying pairing mechanism is not clear at all. In this work we provide a specific pairing
mechanism for realizing some of these Pfaffian states. We show that there can be nonzero pairing
in angular momentum channels |`| ≥ 1 depending on the magnitude of a coupling constant. There
is a quantum phase transition from the Dirac composite fermi liquid state to Cooper pairing states
in angular momentum channels |`| ≥ 1 as the coupling constant is tuned across its critical point
value. Surprisingly the particle-hole symmetric ` = 0 channel pairing turns out to be impossible
irrespective of the size of the coupling constant.
I. INTRODUCTION
The nature of compressible states at ν = 1/2 fill-
ing fraction in the fractional quantum Hall regime has
been a fascinating topic since the pioneering work by
Halperin, Lee, and Read (HLR)1. In the HLR picture
this state is interpreted as a liquid of non-relativisitc
composite fermions(CFs) coupled to a fluctuating Chern-
Simons (CS) gauge field. It provides a nice explanation
for the experimental observations of acoustic wave prop-
agation2 and has been further supported by other mea-
surements3,4.
However, the HLR theory has a long-standing issue
in that it is incompatible with the particle-hole symme-
try defined for a single Landau level5,6 in the zero Lan-
dau level mixing limit. According to Ref. 5, the particle-
hole symmetry requires the Hall conductivity of electrons
in a half filled Landau level to be exactly σxy =
1
2
e2
h .
From this it can be deduced that the Hall conductiv-
ity of the composite fermion liquid needs to be equal to
σ
(cf)
xy = − 12 e
2
h . This contradicts the HLR picture where
the composite fermions feel zero magnetic field at mean
field level and therefore σ
(cf)
xy = 0. Considering fluc-
tuations of the CS gauge fields beyond the mean field
level can lead to a nonzero σ
(cf)
xy ; however, it is small
and can not explain the large value of − 12 e
2
h . Experi-
mentally the measured σxy is very close to
1
2
e2
h
7, and the
emergent particle-hole symmetry has also been supported
by several experiments8–11. Therefore these experimen-
tal results contradict the HLR picture, which apparently
breaks the particle-hole symmetry.
To resolve this issue recently Son12 has proposed a
particle-hole symmetric theory in which the underlying
composite fermions are taken to be Dirac particles. As
in the HLR picture, these Dirac CFs are electrically neu-
tral and coupled to an emergent gauge field. However,
in this new picture the emergent gauge field does not
have a Chern-Simons term. This proposal has sparked
a great deal of interest13–24 because it can not only re-
solve the old particle-hole symmetry issue but also pro-
vide another avenue to study some seemingly completely
unrelated topics such as strongly-correlated topological
insulator surface states18.
Cooper pairing of the CFs gives rise to incompress-
ible gapped states, which can possess nonabelian braid-
ing statistics25,26 and are potentially useful for topologi-
cal quantum computation27. In the traditional HLR pic-
ture, pairing CFs can lead to the Moore-Read Pfaffian
state25. However, because of the lack of the particle-hole
symmetry, the anti-Pfaffian state28,29 —the particle-hole
conjugate of the Moore-Read Pfaffian state —is impos-
sible. In contrast, in the new Dirac CF theory both the
Moore-Read Pfaffian and anti-Pfaffian states are put on
equal footing. Furthermore, a new putative particle-hole
symmetric pairing state12 has also been proposed. How-
ever, the possible underlying pairing mechanism for real-
izing these states is not clear at all. In fact, in a recent
work16 the authors there considered an effective interac-
tion, derived from the original electron-electron Coulomb
interaction, in the BCS pairing channel and found that
there is no pairing instability in any angular momentum
channel `.
Here we pursue an idea proposed in Ref 30 and ap-
plied to the HLR problem31 by our group previously.
We construct a specific paring mechanism for the new
Dirac CF theory. This mechanism is similar to Kohn-
Luttinger’s mechanism32 in the sense that in both cases
the instability results from a repulsive force. However,
they are different in two respects: (1) in our mechanism a
finite coupling constant is required to achieve the pairing
state, while in Kohn-Luttinger’s case even an infinitesi-
mal interaction can trigger the pairing instability; (2)our
new pairing mechanism takes advantage of the attrac-
tion in Matsubara frequency domain due to a dynamic
screening from the finite density of fermions; while Kohn-
Luttinger’s idea is to take advantage of the spatial part
of attraction due to a static screening.
Applying the mechanism of dynamic screening, we
show that there can be nonzero pairing of Dirac CFs
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2in angular momentum channels |`| ≥ 1, including the
Moore-Read Pfaffian and the anti-Pfaffian states, which
correspond to the ` = ∓2 channels. There is a quantum
phase transition from the Dirac CF liquid state to the
|`| ≥ 1 pairing states as we tune the effective coupling
constant. However, the ` = 0 channel pairing, which is
particle-hole symmetric and corresponds to the putative
particle-hole symmetric Pfaffian state proposed in Ref. 12
turns out to be impossible in our current treatment.
The outline of our paper is as follows. In Sec. II we
define the Dirac CF model, discuss the bare propagator
we use for the emergent gauge field, and obtain the dy-
namic screened interaction between the Dirac CFs. Then
the interaction is used to solve the pairing gap equation
numerically and the results are presented in Sec. III. In
Sec. IV we discuss the implications of our numerical re-
sults for the spatial angular momentum pairing channels
of the Dirac CFs. A brief summary of our conclusion
is included in Sec. V. Appendix A and B contain deriva-
tions of Eq. (6) of Sec. II and the current-current response
function of the Dirac CF liquid within the random phase
approximation.
II. MODEL
The low energy effective(Euclidean) action of the Dirac
CF field ψ in (2 + 1) dimension is12
SCF =
∫
dτd2x{ψ¯γµ(∂µ + iaµ)ψ − i B
4pi
a0}, (1)
where ψ¯ = ψ†γ0 and the two-component ψ carries
pseudo-spin degrees of freedom. The three gamma ma-
trices are chosen to be {γ0, γ1, γ2} ≡ {σ3, σ1, σ2} with
σ1, σ2, σ3 the three Pauli matrices. We have also set
~ = e = c = 1 and the Fermi velocity vF = 1. aµ is
the emergent gauge field that the Dirac CFs couple to.
µ = 0, 1, 2 represent the imaginary time τ and the spa-
tial x, y variables. Throughout the whole paper we will
use Greek subscripts to denote the time-spatial 3−vector
components and Latin subscripts for the spatial vectors.
In the 2nd term of Eq. (1), B is the physical magnetic
field. As mentioned before, the key differences between
SCF and the HLR theory are: there is no Chern-Simons
term for the gauge field aµ, and the new CFs are rela-
tivistic particles. Differentiating SCF with respect to a0
gives ψ¯γ0ψ = B4pi , which shows that the Dirac CF density
is equal to twice the flux density, B. Therefore to elec-
trons, the Dirac CFs act as double vortex objects. Fur-
thermore the emergent magnetic field strength is given
by b(x) = ∇ × a = 4piρ′e(x). Here ρ′e = ρe − ρν=1/2
is the deviation of the original electric charge density ρe
from its half filled Landau level value ρν=1/2. A prime
is added to ρ′e to distinguish it from ρe. We see that
the original electric field and magnetic flux density inter-
change their roles in the Dirac CF theory. In this sense
the new theory is electro-magnetic dual16 to the original
electron problem.
At the mean field level < b(x) >= ρ′e = 0 because the
electron Landau level is exactly at half filling. Therefore
the Dirac CFs are described by a free Dirac Hamiltonian
H = vFp · (zˆ × σ) at zero field b = 0. The dispersion
is simply a Diarc cone with two branches sk = s ~vF |k|,
where s = ±. Because the Dirac CF has a finite density
B/4pi, the Fermi energy F = vF kF is finite with the
Fermi wavevector given by kF =
√
B, same as that in
the HLR picture.
Beyond the mean field level there will be gauge field
fluctuations of aµ. In general these fluctuations can medi-
ate some effective interaction and may provide the neces-
sary pairing glue between the Dirac CFs. To find out that
answer we need one more ingredient: the dynamics of the
gauge fields. This could be given by an emergent Maxwell
term in the action: SMax ∝ − 14g2
∫
d3xf2µν , where fµν =
∂µaν − ∂νaµ is the field strength and g is the coupling
constant. The other choice is to use the original Coulomb
interaction between electrons: e
2
r|x−x′|ρ
′
e(x)ρ
′
e(x
′), where
r is the background dielectric constant, and translate it
into an interaction between the emergent gauge fields aµ
by using b(x) = 4piρ′e(x). Written in the momentum
space, the action of this term reads16
SCoulomb =
1
2
∫
dΩd2q
(2pi)3
aT (Ω,q)
2pie2
r|q|
|q|2
16pi2
aT (−Ω,−q).
(2)
The frequency Ω here and elsewhere should be under-
stood as Matsubara frequencies. The temperature has
been already set to T = 0 so that all Matsubara fre-
quencies are continuous. In the action SCoulomb only
the spatial transverse component of gauge fields is in-
volved, as indicated by the subscript “T” in aT(Ω,q) =
ij qˆiaj(Ω,q), where ij is the antisymmetric tensor and
the summation convention is assumed. In Eq. (2) the
2pie2/r|q| factor comes from the 2D Fourier transform
of the electron-electron Coulomb interaction. The factor
|q|2
16pi2 comes from the conversion from ρ
′
e to aT. Now we
see that the Lagrangian density of SCoulomb is ∝ |q| while
that of the Maxwell term SMax is ∝ f2µν ∝ |q|2. Therefore
in the long wavelength limit, the Coulomb term domi-
nates and the Maxwell term16 can be dropped. Taking
SCoulomb as our bare gauge field action we can readily
read off the bare gauge field propagator inverse, which
has only the transverse component
[D(0)T ]−1(Ω,q) =
e2
8pir
|q|. (3)
We add the superscript in D(0)T to indicate that it is the
bare gauge field propagator without the screening from
the finite density Dirac CFs.
Integrating out the gauge fields aT gives a current-
current interaction between Dirac CFs described by the
following action16
Sint =
1
2
∫
dΩd2q
(2pi)3
JT(Ω,q)D(0)T (Ω,q)JT(−Ω,−q), (4)
3where JT(Ω,q) = ij qˆiJj(Ω,q) is the transverse compo-
nent of CF current operator. For the Dirac CF the cur-
rent density Ji(Ω,q) = vF
∫
dωd2k/(2pi)3ψ†(ω + Ω,k +
q) iγ0γiψ(ω,k) is equivalent to the transverse pseudo-
spin density. Because of γ0γi, Ji mixes particles near the
CF Fermi surface with their anti-particles buried deep in
the Dirac sea. However, our theory is trustworthy only
as a low energy effective theory near the Fermi surface.
Therefore we need to project the interaction near the
Fermi surface. This can be done by replacing ψ(ω,k)
by16
P
(+)
k ψ(ω,k) =
1√
2
(
ie−iθk
1
)
χ(ω,k) (5)
in the definition of JT(Ω,q). Here P
(+)
k ≡ 12 [1 + iγ0γ · kˆ]
is the projection operator for the positive energy branch
+k , for the low energy qausiparticles near the Fermi sur-
face. θk is the azimuthal angle of the momentum vector
k in the xy plane. χ(ω,k) is now a scalar field represent-
ing quasiparticles near the Fermi surface. Substituting
ψ(ω,k) in the Eq. (4) with P
(+)
k ψ(ω,k) leads to(for de-
tails see Appendix A and Ref. 16)
Sint =
1
2
∫ 4∏
i=1
d3ki
(2pi)3
(2pi)3δ(3)(k3 + k4 − k1 − k2)
× 8piv
2
F r
e2
exp{− i2 [θk1 + θk2 − θk3 − θk4 ]}
|k1 − k3|
× χ†(k4)χ(k2)χ†(k3)χ(k1), (6)
where for brevity we have adopted the relativistic nota-
tion ki = (ωi,ki). The magnitude of the vector ki will
be denoted as |ki| to avoid any confusion.
Then consider the above interaction in the BCS chan-
nel: k1 = −k2 = k ≡ (ω,k), and k3 = −k4 = k′ ≡
(ω′,k′), and introduce the frequency and momentum
transfer as: Ω = ω′ − ω and q = k′ − k. We make
Fermi surface approximations: |k| = |k′| = kF . Then
the interaction in the BCS channel can be readily read
from Sint as
16
VBCS(k
′,k) =
8piv2F r
2kF e2
e−i[θk−θk′ ]
| sin θk−θk′2 |
. (7)
As has been pointed out in Ref. 16, this interaction is re-
pulsive in all angular momentum channels and therefore
can not give rise to any pairing. Notice that the phase
factor in the numerator comes from the difference of the
Berry phase carried by a Cooper pair, which is made of
a spinor P
(+)
k ψ(ω,k) and another spinor with momen-
tum −k, from that carried by another Cooper pair with
momenta:{k′,−k′}.
Now we incorporate the screening effects from the finite
density Dirac CFs on the gauge field within the random
phase approximation(RPA). In the limit |Ω| < vF |q| 
F , the transverse current-current response function RT
of the Dirac CFs is given by RT(Ω,q) = − F2pi |Ω|vF |q| (for
details see Appendix B) and the RPA renormalized gauge
field propagator can be obtained from the Dyson equa-
tion
DRPAT (Ω,q) =
D(0)T (Ω,q)
1−RT(Ω,q)D(0)T (Ω,q)
. (8)
We can define a dynamic dielectric function as
(Ω,q) = 1 − RT(Ω,q)D(0)T (Ω,q) so that DRPAT (Ω,q) =
D(0)T (Ω,q)/(Ω,q). Similar to D(0)T , DRPAT will mediate
a current-current interaction between Dirac CFs, which
is now frequency dependent and given by Veff(Ω;k
′,k) =
VBCS(k
′,k)/(Ω,q). The interaction Veff can have con-
siderable attraction at higher frequencies in certain angu-
lar momentum channels, as will be seen clearly in Sec. III,
and therefore can lead to a net pairing for the scalar
fermion field χ(k).
Because χ(k) and the projected Dirac spinor P
(+)
k ψ(k)
are connected by Eq. (5), pairing of χ(k) also indicates
pairing of P
(+)
k ψ(k). However, their spatial angular mo-
mentum pairing channels can be different because of
the nontrivial Berry phase factor carried by the spinor
P
(+)
k ψ(k) on the right hand side of Eq. (5). As ulti-
mately we are interested in the pairing of P
(+)
k ψ(k), we
use ` to denote its angular momentum channel, while for
χ(k), we use `′: < χ(−k)χ(k) >∝ ∆`′(ω)ei`′θk , where
∆`′(ω) is the frequency dependent pairing gap of that
channel. Here we have assumed that: (1) the depen-
dence of the order parameter on the frequency ω and on
the momentum direction θk along the Fermi surface can
be separated; (2) pairing of different angular momentum
channels `′ are decoupled from each other. The relation-
ship between ` and `′ depends on whether or not the
pairing order parameter of P
(+)
k ψ(k) is in a singlet chan-
nel or a triplet channel in the pseudo-spin space, as will
be discussed in detail later on in Sec. IV.
We first discuss pairing in terms of χ(k). Integrating
Veff(Ω;k
′,k) over the Fermi surface in the `′ channel de-
fines a dimensionless effective interaction:
V˜`′(Ω˜) ≡ N0
∫
d[θk − θk′ ]
2pi
Veff(Ω;k
′,k)ei`
′[θk−θk′ ] (9)
= α
∫ pi
−pi
dθ
2pi
ei[`
′−1]θ
| sin θ2 |
2
1 + α |Ω˜|
sin2 θ2
, (10)
where |Ω˜| = |Ω|/F . N0 = F /2piv2F is the density of
states of the free Dirac CFs at the Fermi energy F .
In the above equation we have introduced an effective
coupling constant α = N04piv
2
F r/2kF e
2 = 1/α′, with
α′ ≡ e2/rvF the fine structure constant of the Dirac
CFs. That it is 1/α′, instead of α′, serves as our cou-
pling constant reflecting the electromagnetic duality16 in
our problem. Since we do not have a good estimation of
vF for the composite fermions, in the following we treat α
as a generic tunning parameter. In Sec. III we will show
that α governs a quantum phase transition from a Dirac
4composite Fermi liquid state to a pairing state of the
composite fermions. Note that α can be also rewritten
as α = vF kFe2kF /r , which is nothing but the ratio between
the kinetic energy and the Coulomb interaction energy at
the length scale k−1F . This shows that the driving force
behind our phase transition is a competition between
the dynamic screening from the finite density composite
fermions and the bare static repulsive Coulomb interac-
tion, because the kinetic energy vF kF = F characterizes
the strength of the dynamic screening as we can see from
the expression of the response function RT.
With V˜`′ we can solve the self-consistent equation of
the pairing gap ∆`′(ω), which is given by
30
∆˜`′(ω˜) = −
∫
dω˜′
2pi
V˜`′(ω˜ − ω˜′) ∆˜`
′(ω˜′)√
(ω˜′)2 + |∆˜`′(ω˜′)|2
,
(11)
where all quantities with tilde are dimensionless: fre-
quencies ω˜ = ω/F , ω˜
′ = ω′/F and the pairing gap
∆˜`′(ω˜) = ∆`′(ω)/F . As emphasized in our previous
work30,31, a complete solution to the paring problem
needs to take into account the fermion wavefunction
renormalization factor Z(ω). This factor has an anomaly
on the Fermi surface: Z(ω) → 0 as ω → 0 in the Dirac
CF liquid phase, similar to the HLR picture. However, in
a pairing phase this anomaly will be cutoff at frequencies
of the order of the pairing gap. In other words, setting
Z(ω) ≈ 1 should be qualitatively correct as long as the
coupling constant α is not too close to its critical point
value αc.
In the next section we first plot out V˜`′(Ω˜) to show
that V˜`′ has a sizable attraction at high frequencies for
|`′ − 1| ≥ 1; while it is repulsive in the entire frequency
range for `′ = 1. Then we present our numerical results to
the above self-consistent gap Equation (11) for different
channels `′.
III. RESULTS
A. The effective interaction V˜`′(Ω˜)
We first notice that V˜`′(Ω˜) only depends on the mag-
nitude of `′ − 1 but not its sign. Therefore we only need
to plot V˜`′(Ω˜) for channels `
′ − 1 ≥ 0. This is shown in
Fig. 1. From this plot we see that the effective interac-
tion in the `′ = 1 channel is completely repulsive in the
entire frequency range. Therefore there can not be any
pairing in this channel.
For |`′ − 1| ≥ 1, although V˜`′(Ω˜) is repulsive and di-
verges logarithmically as V˜`′(Ω˜) ∼ −αpi log |Ω˜| in the small
frequency limit Ω˜ → 0, it has considerable attraction at
higher frequencies. The balance between the repulsion
and attraction is controlled by the coupling constant α.
Depending on the magnitude of α, such a balance may be
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FIG. 1. Loglinear plots of V˜`′(Ω˜)/α as a function of α Ω˜ for
`′ = 1, 2, 3, 4, 5, 6. Each curve is labeled by its `′ value. Notice
that the horizontal axis is in a logarithmic scale.
tipped in favor of a pairing state. In the next subsection
we show that this is indeed the case by solving the gap
Equation (11) numerically.
B. Solution to the pairing gap equation
We first cut off the effective interaction V˜`′(Ω˜) and the
frequency integral at |Ω˜| ≥ 1 in the gap Eq. (11). We
choose the frequency grid to be 5×104 and solve the gap
equation by iteration until a desired convergence accu-
racy is achieved, following Ref. 30.
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FIG. 2. The plot of gap ∆`′(ω) as a function of the frequency
ω for angular momentum channel `′ = 2. From top to bottom:
α = 24, 22, 20, 18, 16, 14, 12, 10.
Fig. 2 shows the results of ∆`′(ω) for angular momen-
50.00
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FIG. 3. Plot of gap ∆`′ = ∆`′(ω = 0) as a function of α for
angular momentum channel `′ = 2. The critical value of α is
estimated to be αc ≈ 8.
tum channel `′ = 2. Different curves in this figure cor-
respond to different values of the coupling constant α.
From these curves we see that ∆`′(ω) falls off rapidly
as ω/F → 1. This is due to our sharp cutoff of V˜`′ at
ω/F = 1. As ω → 0, clearly ∆`′(ω) reaches a finite con-
stant ∆`′ ≡ ∆`′(ω = 0). Remember that we are working
in Matsubara frequency space. Therefore ∆`′ gives the
T = 0 thermodynamic pairing gap. As we can see in
Fig. 2 the size of ∆`′ decreases progressively as we de-
crease the coupling constant from α = 24 to α = 10.
Naturally we would expect that ∆`′ eventually vanishes
at certain critical value of α = αc, below which the Dirac
CF liquid state is stabilized instead. This is explicitly
shown for `′ = 2 in Fig. 3, where we plot ∆`′ extracted
from Fig. 2 for different values of α. An extrapolation to
∆`′ = 0 shows that the gap vanishes at αc ≈ 8. There-
fore indeed there is a quantum phase transition from the
`′ = 2 pairing state to the Dirac CF liquid state as we
decrease α across αc towards zero.
We can do similar analysis for other higher angular
momentum channels `′. The results for `′ = 2, 3, 4 are
displayed in Fig. 4. From this plot we see that at the
same coupling constants ∆`′ decreases as `
′ increases.
This is understandable given that the frequency range
of sizable attraction in V˜`′(Ω˜) decreases with `
′, as we
can see from Fig. 1 (notice that the horizontal frequency
axis is logarithmic). This feature is also similar to what
have been found in the transverse gauge field problem
in Ref. 30. However, unlike there the critical value αc
for different channels are very close to each other in our
present problem. For `′ ≥ 3, αc ≈ 7 and we can not
resolve the difference between αc for different channels.
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FIG. 4. Plots of the gap ∆`′ = ∆`′(ω = 0) as a function of the
effective coupling constant α for angular momentum channel
`′ = 2, 3, 4. The critical coupling constants for different chan-
nels are very close to each other. For `′ = 2, αc ≈ 8; while
for `′ ≥ 3, αc ≈ 7. We can not resolve the difference between
αc for different `
′ ≥ 3 channels.
IV. DISCUSSION
As already mentioned before, the pairing angular mo-
mentum channel `′ of the order parameter 〈χ(−k)χ(k)〉
is different from that of the pairing order parameter in
terms of pseudo-spinors P
(+)
k ψ(k) because of the spinor’s
Berry phase factor. Now we discuss the pairing order pa-
rameters ∆ˆ in terms of the P
(+)
k ψ(k) field. A hat has
been put on ∆ˆ to indicate that ∆ˆ is a 2 × 2 matrix. In
general we can parametrize this matrix as
∆ˆ(k) = [∆s(k) + d(k) · σ]iσ2, (12)
where ∆s(k) gives the pairing order parameter in the
pseudo-spin singlet channel and the vector d(k) charac-
terizes the triplet channel pairing. In the following dis-
cussion we assume that the Cooper pairing in these two
channels are approximately decoupled when only the low
energy degrees of freedom near the Fermi surface partic-
ipate in the pairing.
The pseudo-spin singlet channel order parameter
∆ˆ(k) = 〈ψT (−k)P (+)−k iσ2P (+)k ψ(k)〉 is the one adopted
in Ref. 12. Substituting the definition of P
(+)
k ψ(k)
from Eq. (5) into this order parameter leads to ∆ˆ(k) ∝
iσ2 e
−iθk〈χ(k)χ(−k)〉. Therefore if < χ(−k)χ(k) >∝
ei`
′θk is in the `′ channel, then the order parameter
∆ˆ(k) ∝ iσ2 ei[`′−1]θk is in the ` = `′ − 1 channel. Be-
cause Fermi statistics requires ∆ˆ(k) to be antisymmetric
and it is already antisymmetric in the pseudo-spin space,
its spatial part needs to be symmetric; that is, only even
`, or only odd `′, channels are allowed. However, pairing
in the particle-hole symmetric12 ` = 0 channel is impos-
sible because it corresponds to the completely repulsive
6`′ = 1 channel. Other even ` 6= 0 channels are all possi-
ble. These include the Moore-Read Pfaffian state, corre-
sponding to the pairing channel ` = −2, and its particle-
hole conjugate, the anti-Pfaffian state28,29, correspond-
ing to the ` = 2 channel pairing (see Ref. 12). Notice
that these pairing channels are different from HLR pic-
ture, where the Moore-Read Pfaffian state corresponds
to the channel of ` = −126 and the anti-Pfaffian state
corresponds to the channel of ` = 312.
If the pseudo-spin triplet order parameter ∆ˆ(k) =
〈ψT (−k)P (+)−k d · σiσ2P (+)k ψ(k)〉 has been chosen, then
` needs to be odd. Pairing is possible in all these odd `
channels except the one that corresponds to the `′ = 1
channel of Fig. 1. The relation between ` and `′ in the
pseudo-spin triplet case depends on the form of the vec-
tor d and is different from that of the singlet case. If the
pseudo-spin triplet state is |↑↑〉, then because ` = `′ − 2,
` = −1 pairing is impossible; if the triplet pairing state is
|↓↓〉, then ` = `′ and ` = 1 channel is impossible. Notice
that the other triplet state (|↑↓〉+ |↓↑〉)/√2 pairing is im-
possible for the spinor in Eq. (5) because ∆ˆ is identically
zero.
We consider that both the pseudo-spin singlet and
triplet order parameters are allowed so that the spatial
pairing channel ` can be either even or odd. This is in
contrast to the Ref. 12, where only the pseudo-spin sin-
glet order parameter was considered such that only even
` channels were possible. Interestingly, from the previ-
ous discussions we find that `′ needs to be always odd,
regardless of ` being even or odd.
V. CONCLUSION
To conclude we have constructed a specific pairing
mechanism for the Dirac composite fermions proposed
recently for the half filled Landau levels. By taking ad-
vantage of the attraction of a dynamically screened effec-
tive interaction at high Matsubara frequencies we show
that there can be nonzero pairing in the angular momen-
tum channels |`| ≥ 1 at certain coupling constant val-
ues. As the coupling constant is varied, there can be a
quantum phase transition from the Dirac CF liquid state
to a pairing state of CFs, which should be understood
as a fractional quantum Hall state of the original elec-
trons. Apart from the well known Moore-Read Pfaffian
state(singlet ` = −2 channel) and its particle-hole conju-
gate(singlet ` = 2 channel): the anti-Pfaffian state, other
Pfaffian states are also possible. However, in contrast
to the channels |`| ≥ 1, the singlet ` = 0 particle-hole
symmetric channel, corresponding to `′ = 1 in Fig. 1,
effective interaction is completely repulsive in the entire
frequency range considered, which therefore renders the
putative particle-hole symmetric Pfaffian state impossi-
ble in our pairing mechanism. To understand the proper
behavior close to αc, we should also consider the second
Eliashberg equation involving Z(ω). Work in this direc-
tion is under progress.
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Appendix A: THE INTERACTION Sint of
Equation (6)
In this Appendix we recapitulate how to obtain the
Sint of Eq. (6) from Equation (4) in the main text. More
details can be found in Ref. 16.
We start with the definition of the transverse Dirac CF
current
JT(q) = ij qˆiJj(q) (A1)
= vF
∫
d3k1
(2pi)3
d3k2
(2pi)3
(2pi)3δ(3)(k2 − k1 − q)
× ψ†(k2)[ij qˆi iγ0γj ]ψ(k1), (A2)
where again the relativistic notations ki = (ωi,ki), q ≡
(Ω,q) have been used. Then replace ψ(ki) in the above
with
P
(+)
ki
ψ(ki) =
1√
2
(
ie−iθki
1
)
χ(ki) (A3)
to project out the current carried only by the low energy
degrees of freedoms near the Fermi surface. This leads
to
JT(q) = −vF
∫
d3k1
(2pi)3
d3k2
(2pi)3
(2pi)3δ(3)(k2 − k1 − q)
× ei
θk2
−θk1
2 χ†(k2)χ(k1). (A4)
In this expression the ei
θk2
−θk1
2 factor reflects the fact
that for our Dirac CF described by the Hamiltonian
H = ~vFp · (zˆ × σ), (A5)
the transverse pseudo-spin direction zˆ×σ is locked to the
momentum direction p. So there will be a nontrivial pi
Berry phase picked up by JT(Ω,q) if the momentum k2
is traversed around k1 by 2pi. Remember that JT(Ω,q)
is nothing but the transverse spin density.
A direct substitution of the JT from Eq. (A4) into the
Eq. (4) gives the Eq. (6) of the main text.
Appendix B: THE TRANVERSE
CURRENT-CURRENT RESPONSE FUNCTION
RT(Ω,q)
1. The RPA equation
The gauge field propagator is defined as
D(0)µν = 〈Tτaµaν〉, (B1)
7where Tτ is the time ordering operator and aµ is the µ
th component gauge field. µ = {0, 1, 2} = {τ, x, y}. The
average 〈...〉 is taken with respect to the bare gauge field
action SCoulomb defined in the main text. The super-
script “(0)” in D(0) shows that it is a bare gauge field
propagator. From the action SCF the current operator is
Jµ =
δSCF
δaµ
= vF ψ¯iγµψ. (B2)
Then the current-current response function can be de-
fined as
Rµν ≡ 〈TτJµ Jν〉 = −〈Tτ ψ¯vF γµψ ψ¯vF γνψ〉. (B3)
Here the average is taken with respect to the mean field
finite density Dirac Fermi sea. In defining Rµν we have
only considered the paramagnetic contribution while ig-
nored the diamagnetic contribution. However, this is jus-
tified. As shown in Ref. 33, for Dirac fermions the obital
diamagnetic susceptibility is identically zero if the Fermi
energy is not at the Dirac point. Fourier transformed
into the momentum space the response function can be
rewritten as
Rµν(q) = v2F
∫
dωd2k
(2pi)3
Tr[γµG(k)γνG(k + q)], (B4)
where k ≡ (ω,k) and q = (Ω,q). Remember that we
have already taken the T = 0 limit so that all Matsubara
frequencies ω,Ω are continuous. The trace “Tr” is taken
with respect to the pseudo-spin indices. G(k) is the free
Dirac CF propagator given by
G(k) ≡ 〈Tτψ(k)ψ¯(−k)〉 = 1
γ0(iω − F )− iγjkj . (B5)
With these definitions of the gauge field propagator
and response functions we can write down the RPA equa-
tion as
[DRPA]−1 = [D(0)]−1 −R, (B6)
which is a matrix equation. However, since D(0) has only
a spatial transverse component, we only need to con-
sider the transverse current-current response function:
RT(Ω,q) = [δij − qˆiqˆj ]Rij(Ω,q). The computation of
RT(Ω,q) has been done before and can be found in for
example Ref. 34. The final result, written in terms of our
notations, is
RT(Ω,q) = F
2pi
[− Ω
2
v2F |q|2
+
√
1 +
Ω2
v2F |q|2
|Ω|
vF |q| ] (B7)
≈ F
2pi
|Ω|
vF |q| , (B8)
where in obtaining the last expression we have considered
the limit |Ω| < vF |q|  F .
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